We calculate the branching ratios and CP asymmetries for B 0 → π + π − , B + → π + π 0 and B 0 → π 0 π 0 decays, in a perturbative QCD approach. In this approach, we calculate non-factorizable and annihilation type contributions, in addition to the usual factorizable contributions. We found that the annihilation diagram contributions are not very small as previous argument. Our result is in agreement with the measured branching ratio of B → π + π − by CLEO collaboration. With a non-negligible contribution from annihilation diagrams and a large strong phase, we predict a large direct CP asymmetry in B 0 → π + π − , and π 0 π 0 , which can be tested by the current running B factories.
Introduction
The charmless B decays arouse more and more interests recently, since it is a good place for study of CP violation and it is also sensitive to new physics [1] . Factorization approach (FA) is applied to hadronic B decays and is generalized to decay modes that are classified in the spin of final states [2, 3, 4] . FA gives predictions in terms of form factors and decay constants. Although the predictions of branching ratios agree well with experiments in most cases, there are still some theoretical points unclear. First, it relies strongly on the form factors, which cannot be calculated by FA itself. Secondly, the generalized FA shows that the nonfactorizable contributions are important in some channels. Such as class II and class V decays, they are sensitive to the parameter N ef f c , which characterize the importance of non-factorizable contributions [3, 4] . FA predicts N ef f C ≃ 2 to explain the experimental results. The reason of this large non-factorizable contribution needs more theoretical studies. Thirdly, the strong phase, which is important for the CP violation prediction, is quite sensitive to the internal gluon momentum [5] . This gluon momentum is the sum of momenta of two quarks, which go into two different mesons. It is difficult to define exactly in the FA approach. To improve the theoretical predictions of the non-leptonic B decays, we try to improve the factorization approach, and explain the size of the non-factorizable contributions in a new approach.
We shall take a specific channel B → ππ as an example. The B → ππ decays are responsible for the determination of the angle φ 2 in the unitarity triangle which have been studied in the factorization approach in detail [2, 3, 4] . The recent measurements of B → π + π − by CLEO Collaboration attracted much attention for these kind of decays [6] . The most recent theoretical study [7] attempted to compute the non-factorizable diagrams directly. But it could not also predict the transition form factors of B → π.
In this paper, we would like to study the B → ππ decays in the perturbative QCD approach (PQCD) [8] . In the B → ππ decays, the B meson is heavy, sitting at rest. It decays into two light mesons with large momenta. Therefore the light mesons are moving very fast in the rest frame of B meson. In this case, the short distance hard process dominates the decay amplitude.
We shall demonstrate that the soft final state interaction is not important, since there is not enough time for the pions to exchange soft gluons. This makes the perturbative QCD approach applicable. With the final pions moving very fast, there must be a hard gluon to kick the light spectator quark d or u (almost at rest) in the B meson to form a fast moving pion (see Figure 1 ).
So the dominant diagram in this theoretical picture is that one hard gluon from the spectator quark connecting with the other quarks in the four quark operator of the weak interaction.
Unlike the usual FA, where the spectator quark does not participate in the decay process in a major way, the hard part of the PQCD approach consists of six quarks rather than four. We thus call it six-quark operators or six-quark effective theory. Applying the six-quark effective theory to B meson exclusive decays, we need meson wave functions for the hadronization of quarks into mesons. Separating that nonperturbative dynamics from the hard one, the decay amplitudes can be calculated in PQCD easily. Most of the nonperturbative dynamics are included in the meson wave functions, but in the correction that soft gluon straddle the sixquark operators, there are some nonfactorizable soft gluon effects not to be absorbed into the meson wave functions. Such effects can be safely neglected in the B meson decays [9] .
Li performed the calculation ofB 0 → π + π − in ref. [10] using the PQCD formalism, where the factorizable tree diagrams were calculated and the branching ratios were predicted. In another paper [11] , Dahm, Jakob and Kroll performed a more complete calculation, including the nonfactorizable annihilation topology and the three decay channels of B → ππ decays. However, the predicted branching ratios are about one order smaller than the current experiments by CLEO [6] . In connection with this, Feldmann and Kroll concluded that perturbative contributions to the B → π transition form factor were much smaller than nonperturbative ones [12] . As we shall show later, the pion wave function must be consistent with chiral symmetry relation
This introduces terms that were not considered in above calculations. In this paper, considering the terms needed from chiral symmetry, we calculate the B → π transition form factors and also the non-factorizable contributions in PQCD approach. We then show that our result for the branching ratio B → π + π − agree with the measurement. Among the new terms, it is worthwhile emphasizing the presence of annihilation diagrams which are ignored in FA. We find that these diagrams can not be ignored, and furthermore they contribute to large final state interaction phase.
The Frame Work
The three scale PQCD factorization theorem has been developed for non-leptonic heavy meson decays [13] , based on the formalism by Brodsky and Lepage [14] , and Botts and Sterman [15] .
The QCD corrections to the four quark operators are usually summed by the renormalization group equation [16] . This has already been done to the leading logarithm and next-to-leading order for years. Since the b quark decay scale m b is much smaller than the electroweak scale m W , the QCD corrections are non-negligible. Besides the hard gluon exchange with the spectator quark, the soft gluon exchanges between quark lines give out the double logarithms ln 2 (P b) from the overlap of collinear and soft divergences, P being the dominant light-cone component of a meson momentum. The resummation of these double logarithms leads to a Sudakov form factor exp[−s(P, b)], which suppresses the long distance contributions in the large b region, and vanishes as b > 1/Λ QCD . This form factor is given to sum the leading order soft gluon exchanges between the hard part and the wave functions of mesons. So this term includes the double infrared logarithms. The expression of s(Q, b) is concretely given in appendix B. Figure 2 showes that e −s falls off quickly in the large b, or long-distance, region, giving so-called Sudakov suppression. This Sudakov factor practically makes PQCD approach applicable. For the detailed derivation of the Sudakov form factors, see ref. [8, 17] .
With all the large logarithms resummed, the remaining finite contributions are absorbed into a perturbative b quark decay subamplitude H(t). Therefore the three scale factorization formula is given by the typical expression,
where C(t) are the corresponding Wilson coefficients, Φ(x) are the meson wave functions and the variable t denotes the largest mass scale of hard process H, that is, six-quark effective theory. The quark anomalous dimension γ q = −α s /π describes the evolution from scale t to 1/b. Since logarithm corrections have been summed by renormalization group equations, the above factorization formula does not depend on the renormalization scale µ explicitly.
The three scale factorization theorem in eq. (2) is discussed by Li et al. in detail [13] . Below section 3, we shall give the factorization formulae for B → ππ decay amplitudes by calculating the hard part H(t), channel dependent in PQCD. We shall also approximate H there by the O(α s ) expression, which makes sense if perturbative contributions indeed dominate.
In the resummation procedures, the B meson is treated as a heavy-light system. The wave function is defined as
where N c = 3 is color's degree of freedom and φ B (k 1 , k b ) is the distribution function of the 4-momenta of the light quark (k 1 ) and 
So φ B is actually a function of k 1 only. Through out this paper, we take p
as the light-cone coordinates to write the four momentum. We consider the B meson at rest, then that momentum is p B = (m B / √ 2)(1, 1, 0 T ). The momentum of the light valence quark is written as (k
, where the k 1T is a small transverse momentum. The dependence of variable k 1T can be separated out,
, since it is orthogonal with the longitudinal variables k
for two variables. However, in the next section, we will see that the hard part is always independent of k + 1 , if we make some approximations. This means that k 
the perturbative calculations, we do not need the information of all four momentum k 1 .
The above integration can be done only when the hard part of the subprocess is independent of the variable k + 1 . The π meson is treated as a light-light system. At the B meson rest frame, pion is moving very fast. We define the momentum of the pion which contain the spectator light quark as
The other pion which moving to the inverse direction, then has
The light spectator quark moving with the pion (with momentum P 2 ), has a momentum (k
The momentum of the other valence quark in this pion is then (P 
where φ π (x 2 , k 2T ) is defined in analogue to eq.(4, 5) and φ
Note that as you shall see below, m 0 given as
in eq. (6) is not the pion mass. Since this m 0 is estimated around 1 ∼ 2 GeV using the quark masses predicted from lattice simulations, one may guess contributions of m 0 term cannot be neglected because of m 0 ≪ m B . In fact, we will show this m 0 plays important roles to predict the B → ππ branching ratios in section 4.
The normalization of wave functions is determined by meson's decay constant
Using this relation, the normalization of φ π is defined as
Moreover, from eq.(9) you can readily derive
so defining m 0 such as eq. (8) 
with f i the meson decay constants.
Perturbative Calculations
With the above brief discussion, the only thing left is to compute H for each diagram. There are altogether 8 diagrams contributing to the B → ππ decays, which are shown in Figure 3 .
They are the lowest order diagrams. In fact the diagrams without hard gluon exchange between the spectator quark and other quarks are suppressed by the wave functions. The reason is that the light quark in B meson is almost at rest. If there is no large momentum exchange with other quarks, it carries almost zero momentum in the fast moving π, that is the end point of pion wave function. In the next section, we will see that the pion wave function at the zero point is always zero. The Sudakov form factor suppresses the large number of soft gluons exchange to transfer large momentum. It is already shown that the hard gluon is really hard in the numerical calculations of B → Kπ [18] . The value of α s /π is peaked below 0.2. And in our following calculation of B → ππ decays this is also proved.
Let's first calculate the usual factorizable diagrams (a) and (b). The four quark operators indicated by a cross in the diagrams, are shown in the appendix A. There are two kinds of
, and O 10 are (V − A)(V − A) currents, the sum of their amplitudes is given as
where 
They are proportional to the factor r π . There are also factorizable annihilation diagrams (g) and ( 
These two diagrams can be cut in the middle of the diagrams. They provide the main strong phase for non-leptonic B decays. Note that F P a vanishes in the limit of m 0 = 0. So the m 0 term in the pion wave function does not only have much effect on the branching ratios, but also the CP asymmetries. Besides the factorizable diagrams, we can also calculate the non-factorizable diagrams (c) and (d) and also the non-factorizable annihilation diagrams (e) and (f). In this case, the amplitudes involve all the three meson wave functions. The integration over b 3 can be performed easily using δ function δ(
.
Note that when doing the above integrations over x i and b i , we have to include the corresponding Wilson coefficients C i evaluated at the corresponding scale t i . The expression of Wilson coefficients are channel dependent which are shown later in this section. The functions h i , coming from the Fourier transform of H, are given in Appendix B. In the above equations, we have used the assumption that x 1 ≪ x 2 , x 3 . Since the light quark momentum fraction x 1 in B meson is peaked at the small region, while quark momentum fraction x 2 of pion is peaked at 0.5, this is not a bad approximation. After using this approximation, all the diagrams are 
where the momenta are assigned in Figure 3 . The calculation from second formula to last one is approximated as k 1 ≪ k 2 . This approximation is equal to take the momenta of spectator quark in the B meson as
. We neglect the last term which is higher order one in terms of 1/m B expansion. Therefore the integration of eq. (5) is performed safely. Though we calculated the above factorization formulae by one order in terms of α s , the radiative corrections at the next order would emerge in forms of α 2 s ln(m/t), where m's denote some scales, i.e. m B , 1/b, . . ., in the hard part H(t). Selecting t as the largest scale in m's, the largest logarithm in the next order corrections is killed. Accordingly, the scale t i 's in the above equations are chosen as
They are given the maximum values of the scales appeared in each diagram.
In the language of the above matrix elements for different diagrams eq. (13) (14) (15) (16) (17) , the decay amplitude for B 0 → π + π − can be written as
where
The decay width is expressed as
The C ′ i s should be calculated at the appropriate scale t i using eq.(60,61) in the appendices. The decay amplitude of the charge conjugate decay channel B 0 → π + π − is the same as eq. (22) except replacing the CKM matrix elements ξ u to ξ * u and ξ t to ξ * t under the phase convention
The decay amplitude for B 0 → π 0 π 0 can be written as
The decay amplitude for B + → π + π 0 can be written as
From the above equations (22, 24, 25) , it is easy to see that we have the exact Isospin relation for the three decays:
Numerical calculations and discussions of Results
In the numerical calculations we use [19] which is relevant to taking m 0 = 1.5GeV . For the π wave function, we neglect the b dependence part, which is not important in numerical analysis. We use
with a A = 0.8, which is close to the Chernyak-Zhitnitsky wave function [20] . For this axial vector wave function the asymtotic wave function [21] , a A ∼ 0 , is suggested from QCD sum rules [22] , diffractive dissociation of high momentum pions [23] , the instanton model [24] , and pion distribution functions [25] , etc., but we adopt a A = 0.8 according to the discussion in ref. [26] . φ ′ π is chosen as asymtotic wave function
with a P = 0. For B meson, the wave function is chosen as
with ω b1 = ω b2 = 0.4 GeV [27] , and N B = 91.745 GeV is the normalization constant. We would like to point out that the choice of the meson wave functions as in eqs. (27) (28) (29) and the above parameters can not only explain the experimental data of B → ππ, but also B → Kπ [18, 26] , Dπ etc., which is the result of a global fitting. However, since the predicted branching ratio of B → ππ is sensitive to the input parameters f B , m 0 , a A , a P and ω b 1 , ω b 2 , we will at first give the numerical results with the above parameters, then we give the allowed parameter regions
by CLEO.
The CKM parameters we used here are
We leave the CKM angle φ 2 as a free parameter. φ 2 's definition is [28] 
In this parameterization, the decay amplitude of B → ππ can be written as
, and δ is the relative strong phase between tree (T) diagrams and penguin diagrams (P). z and δ can be calculated from PQCD. For example, in B 0 → π + π − decay, we get z = 30%, and δ = 130
• , if we use the above parameters. Here in PQCD approach, the strong phases come from the non-factorizable diagrams and annihilation type diagrams (see (c) Figure 3 ). The internal quarks and gluons can be on mass shell providing the strong phases. This can also be seen from eq.(56-59), where the the modified Bessel function K 0 (−if ) has imaginary part. Numerical analysis also shows that the main contribution to the relative strong phase δ comes from the annihilation diagrams, (g) and (h) in Figure 3 . From the figure, we can see that they are factorizable diagrams. B meson annihilates touark pair then decays to ππ final states. The intermediateuark pair represent a number of resonance states, which implies final state interaction. In perturbative calculations, the two quark lines can be cut providing the imaginary part. The importance of these diagrams also makes the contribution of penguin diagrams more important than previously expected.
This mechanism of producing CP violation strong phase is very different from the so-called
Bander-Silverman-Soni (BSS) mechanism [29] , where the strong phase comes from the perturbative penguin diagrams. The contribution of BSS mechanism to the direct CP violation in B → π + π − is only in the order of few percent [5, 7] . It is higher order corrections (α s suppressed) in our PQCD approach. Therefore in our approach we can safely neglect this contribution. The corresponding charge conjugateB decay is
Therefore the averaged branching ratio for B → ππ is
From this equation, we know that the averaged branching ratio is a function of CKM angle φ 2 , if z cos δ = 0.
The diagrams (a) and (b) in Fig.3 , calculated in eq.(13) correspond to the B → π transition form factor F Bπ (q 2 = 0), where q = p B − P 2 . Our result is F Bπ (0) = 0.25 which is consistent with result of QCD sum rule. This implies that PQCD can explain the transition form factor in the B meson decays, which is different with the conclusion in ref. [12] . In that paper, because m 0 was not considered, perturbative contributions to F Bπ (0) were predicted to be much smaller than nonperturbative ones. We show the averaged branching ratio of B 0 → π + π − decay as a function of φ 2 in Figure 4 . To consider m 0 required from chiral symmetry is essentially different with previous paper [11] . This figure shows that m 0 enhances the branching ratio to agree with the experimental data. There is a significant dependence on the CKM angle φ 2 . The branching ratio of B 0 → π + π − is larger when φ 2 is larger. The reason is that the penguin contribution is not small. The CLEO measured branching ratio of
is in good agreement with our predictions. This prefer a lower value of φ 2 . However, the predicted branching ratio is sensitive to the parameters of input. Especially it is sensitive to f B , m 0 and the meson wave functions. Therefore, it is unlikely to use this single channel to determine the CKM angle φ 2 .
The parameters in the pion wave function, a A , a P and m 0 are restricted from experimental data [30] of pion electromagnetic form factor F π (Q 2 ) where −Q 2 is the momentum transfer in this system. The pion electromagnetic form factor is given as [31, 32] 
where the scale t is chosen as t = max( √ x 2 Q, 1/b 2 , 1/b 3 ) and m B 's are replaced by Q in the h e , S 1 π and S 2 π . One may suspect that around x 1 , x 2 ∼ 0, the gluon and virtual quark propagators give rise to IR divergences which can not be canceled by the wave functions. However, in PQCD, the transverse momenta k T save perturbative calculations from the singularities around x 1,2 ∼ 0.
There are still IR divergences around k T ∼ 0, but Sudakov factor which can be calculated from QCD corrections does suppress such a region, i.e., non-perturbative contributions sufficiently.
The measured pion electromagnetic form factor is
We show the parameter regions in Figure 5 which produce the F π within the 1σ of the above data in eq. (37). This figure shows that the above set of parameters is in the allowed region.
Especially m 0 = 1.5 GeV is near the border of the allowed values. Choosing this value of m 0 also means that we have to use a P = 0 in eq.(28).
In Figure 6 , we give the parameter regions allowed by the experimental data in eq. (35). In Figure 6 (a), a cut around a P ∼ 0.03 comes from fittings of pion electromagnetic form factor ( Figure 5 ). Not that if we use a little smaller m 0 (m 0 = 1.4GeV , for example), the cut of a P will be larger (a P < 0.12 will be in the allowed region). The dependence on a A for the branching ratio of B → π + π − is given in Figure 7 . As discussed in ref. [26] , the data of R D = 1.61 requires a A = 0.8, but this figure indicates that B → π + π − decay mode has no significant restriction on a A . These figures show that the above set of parameters we choose for Figure 4 is in the allowed region, and that parameters producing the experimental data eq. (35) exist on large regions rather than one set of parameters. This parameter region will be discussed further in the future.
The branching ratio of B + → π + π 0 has little dependence on φ 2 . It is easy to understand since there is only one dominant contribution from tree diagrams. The QCD penguin contribution is canceled by isospin relation and the electroweak contribution is very small giving only a slight dependence on φ 2 . The branching ratio of this decay is predicted as 3 × 10 −6 , using the parameters we list in the beginning of this section.
For the decay of B 0 → π 0 π 0 , the situation is similar to that of B 0 → π + π − . There are large contributions from both tree and penguin diagrams. We show the averaged branching ratio of B 0 → π 0 π 0 as a function of φ 2 in Figure 8 . Although the branching ratio is small, the dependence of φ 2 is significant. The predicted branching ratio of B 0 → π 0 π 0 is less than 10 −6 . This is difficult for the B factories to measure the separate branching ratios of B 0 andB 0 . In this case, the proposed isospin method to measure the CKM angle φ 2 [33] does not work in the B factories, since it requires the measurement of
Using eq. (32, 33) , the direct CP violating parameter is
The direct CP asymmetry is nearly proportional to sin φ 2 . We show the direct CP violation parameters (percentage) as a function of φ 2 in figure 9 . Unlike the averaged branching ratios, For the neutral B 0 decays, there is more complication from the B 0 -B 0 mixing. The CP asymmetry is time dependent [5, 34] :
where ∆m is the mass difference of the two mass eigenstates of neutral B mesons. The direct CP violation parameter A dir CP is already defined in eq.(38). While the mixing-related CP violation parameter is defined as
Using equations (32, 33) , we can derive as
1 + ze
Usually, people believe that the penguin diagram contribution is suppressed comparing with the tree contribution, i.e. z ≪ 1. Such that λ CP ≃ exp[2iφ 2 ], a ǫ+ǫ ′ = − sin 2φ 2 , and A dir CP ≃ 0. That is the previous idea of extracting sin 2φ 2 from the CP measurement of B 0 → π + π − . However, z is not very small. From Figure 10 , we can see that a ǫ+ǫ ′ is not a simple − sin 2φ 2 behavior due to the so called penguin pollution.
If we integrate the time variable t, we will get the total CP asymmetry as
with x = ∆m/Γ ≃ 0.723 for the B 0 -B 0 mixing in SM [19] .
The integrated CP asymmetries of B 0 → π + π − and B 0 → π 0 π 0 are shown in Figure 11 .
Unlike the averaged branching ratios, the CP asymmetry is not sensitive to the wave functions, since these parameter dependences canceled out. It is rather stable. If we can measure the integrated CP asymmetry from the experiments, then we can use this figure to determine the value of φ 2 .
Summary
We performed the calculations of
perturbative QCD approach. In this approach, we calculate the non-factorizable contributions and annihilation type contributions in addition to the usual factorizable contributions.
The predicted branching ratios of B 0 → π + π − is in good agreement with the experimental measurement by the CLEO Collaboration.
We found that the annihilation contributions were not as small as expected in a simple argument. The annihilation diagram, which provides the dominant strong phases, plays an important role in the CP violation asymmetries. We expect large direct CP asymmetries in the decay of B 0 → π + π − , and B 0 → π 0 π 0 . The ordinary method of measuring the CKM angle φ 2 will suffer from the large penguin pollution. The isospin method does not help, since the B factories can not measure well the small branching ratio of B 0 → π 0 π 0 . Working in our PQCD approach, we give the predicted dependence of CP asymmetry on CKM angle φ 2 . Using this dependence, the current running B factories in KEK and SLAC will be able to measure the CKM angle φ 2 .
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A Wilson Coefficients
In this appendix we present the weak effective Hamiltonian H eff which we used to calculate the hard part H(t) in eq.(2). The H eff for the ∆B = 1 transitions at the scale smaller than m W is given as
We specify below the operators in H eff for b → d:
Here α and β are the SU ( The PQCD approach works well for the leading twist approximation and leading double logarithm summation. For the Wilson coefficients, we will also use the leading logarithm summation for the QCD corrections, although the next-to-leading order calculations already exist in the literature [16] . This is the consistent way to cancel the explicit µ dependence in the theoretical formulae.
At m W scale, the Wilson coefficients are evaluated for leading order as:
If the scale t < m b , then we evaluate the Wilson coefficients at t scale using the input of eq.(48), and the formulae in appendix D for four active quarks (n f = 4) (again in leading logarithm approximation).
B Formulas for the hard part calculations
In this appendix we present the explicit expression of the formulas we used in section 3. First, we show the exponent s(k, b) appearing in eq. (52-54). It is given, in terms of the variables,
by
The above coefficients β 1 and A (2) are
where γ E is the Euler constant.
Note that s is defined forq ≥b, and set to zero forq <b. As a similar treatment, the complete Sudakov factor exp(−S) is set to unity, if exp(−S) > 1, in the numerical analysis.
This corresponds to a truncation at large k T , which spoils the on-shell requirement for the light valence quarks. The quark lines with large k T should be absorbed into the hard scattering amplitude, instead of the wave functions. 
The last term of each equations is the integration result of the last term in eq.(2).
The function h i 's, coming from the Fourier transform of hard part H, are given as,
with J 0 the Bessel function and K 0 , I 0 modified Bessel functions
C Wilson coefficients running equations above m b scale
In this appendix, we list formulas for renormalization group running from m W scale to t scale, where t > m b . These formulas are derived from the leading logarithm QCD corrections with five active quarks [16] . 
where η = α s (t)/α s (m W ).
D Wilson coefficients running equations below m b scale
In this appendix, we list formulas for renormalization group running from m b scale to t scale, where t < m b . These formulas are derived from the leading logarithm QCD corrections with four active quarks [16] . 
where ζ = α s (t)/α s (m B ). Here Λ 
